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. $R$ $M_{mn}(R)$ $R$ $(m, n)$-
. $R$ , $S$ $R$ ,
$S_{n}(R)=\{(a_{ij})\in M_{nn}’(S);a_{ji}=0_{\iota i_{J}}\cdot, a_{ii}, 2a_{ij}\in R\}$
. $m,$ $n$ $m\geq n\geq 1$ , $p$ . $Z_{p)}Q_{p}$
$p$ , $p$- . $A\in S_{m}(Z_{p})\cap GL_{m}(Q_{p}))B\in$
$S_{n}(Z_{p})\cap GL_{n}(Q_{p})$ , $B$ $A$ ( )
$\alpha_{p}(A\rangle B)$
$\alpha_{p}(A, B)=\lim_{earrow\infty}\neq\{\overline{X}\in M_{mn}(Z_{p})/p^{e}M_{mn}(Z_{p}))A[X]\equiv Bmod p^{e}S_{n}(Z_{p})\}$
. , $A[X]={}^{t}XAX$ .




, 2 : , $A,$ $B$
, $n$ $n_{1}+$ $n_{l}=n,$ $n_{i}>0(i=1, .., l)$
$n=(n_{1)}\ldots, n_{l})\in N^{l}$ ( $N$ $0$ )




$= \sum_{\lambda=(\lambda_{1},\ldots,\lambda_{l})\in N^{l}}\alpha_{p}(A, B[diag(p^{\lambda_{1}}E_{n_{1}}, \ldots, p^{\lambda_{l}}E_{n_{l}})])x_{1}^{\lambda_{1}}\ldots x_{l}^{\lambda_{l}}$
. ,
diag $(B_{1}, \ldots., B_{l})=(\begin{array}{lll}B_{l} 0 00 \ddots 00 0 B_{l}\end{array})$
$E_{n_{i}}$ $n_{\dot{l}}$ . $p$ suffix
$p$ . $A,$ $n$ $B$ $B=diag(B_{1}, \ldots., B_{l}))B_{i}\in$
$GL_{n_{i}}(Q_{p})\cap S_{n;}(Z_{p})(i=1, .., 1)$ , $Q_{p}(A, B;n, x_{1}, \ldots, x_{l})$
$Q_{p}(A, B, \cdot n, x_{1)}\ldots, x_{l})=\sum_{\lambda=(\lambda_{1},\ldots,\lambda_{l})\in N^{l}}\alpha_{p}(A, diag(p^{\lambda_{1}}B_{1)}\ldots, p^{\lambda_{l}}B_{l}))x_{1}^{\lambda_{1}}\ldots x_{l}^{\lambda_{l}}$
. , $p$ suffix $p$
. , $l=1$ $Q(A, B, n\rangle x_{1})$ [Ki]
. , $B$ $B=diag(B_{1)}\ldots, B_{l})$
$Q(A, B;n, x_{1}, \ldots, x_{l})$ .
$p\neq 2,$ $n=(1, \ldots, 1)$ , $A$ ,
$ag(b_{1}, \ldots., b_{n})$ $Q(A, B;n;x_{1}, \ldots, x_{n})$
$B\in S_{n}(Z_{p})\cap GL_{n}(Q_{p})$ $\alpha_{p}(A, B)$
















2 , [BS] $Q(A, B;n)x_{1)}\ldots.,$ $x_{l}$ )
, 3 , [BS] $P(A, B,\cdot n,\cdot x_{1)}\ldots., x_{l})$
. , 3 4 2 .
2Denef $P$- $Q(A, B,\cdot n,\cdot x_{1}, \ldots, x_{l})$
$A\in S_{m}(Z_{p})\cap GL_{m}(Q_{p}),$ $n=(n_{1)}n_{l})\in N^{l},$ $n_{1}+\ldots+n_{l}=n$
. $B=diag(B_{1)}\ldots, B_{l}))B_{i}\in S_{n_{i}}(Z_{p})\cap GL_{n_{i}}(Q_{p})$ .
[BS] , Denef $p$- $Q(A, B,\cdot n;x_{1)}x_{l})$
, $Q(A, B;n;x_{1)}\ldots, x_{l})$ .
$p=2$ , $p\neq 2$
. [BS] .
$Z_{p}^{*}$ $Z_{p}$ , $Z_{p}^{*}/Z_{p}^{*2}=\{i, \triangle\}-$ . $r=(r_{1}, \ldots, r_{t})\in$
$N^{t}\epsilon=)(\epsilon_{1,}\epsilon_{t})\in\{1, \triangle\}^{t}$ $M_{mn}(Z_{p})\cross\Pi_{\dot{\iota}=1}^{l}S_{n_{i}}(Z_{p})\cross Z_{p}^{t}$
$\Omega=\Omega(r, \epsilon)$
$\Omega(r, \epsilon)=\{(x, y_{1)}\ldots, y_{l)}\alpha_{1)}\alpha_{t})\in M_{mn}(Z_{p})\cross\prod_{i=1}^{l}S_{n_{i}}(Z_{p})\cross Z_{p)}^{t}$ .
$\infty>ord_{p}(\alpha_{1})>\ldots>ord_{p}(\alpha_{t})\geq 0,p^{-ord_{p}(\alpha_{i})}\alpha_{i}\in Z_{p}^{*2}(i=1, \ldots, t)$ ,
$A[x]\sim diag(y_{1)}\ldots, y_{l})\sim diag(\alpha_{1}U_{r_{1},\epsilon_{1)}}\ldots, \alpha_{t}U_{r_{2},\epsilon_{2}})\}$
. , $U_{r_{i},\epsilon;}=diag(E_{r_{i)}}\epsilon_{i})(i=1, \ldots, t)$ . , 2
$Q_{p}$ $x,$ $y$ $Z_{p}$ $x\sim y$ .
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\Omega [Denl] semi-algebraic set .
$(z_{1) )}z_{l)}\zeta_{1)}\ldots, (_{t})\in C^{l}\cross C^{t}$ $\xi_{r,\epsilon}(A)$ $B;z_{1)}z_{l},$ $\zeta_{1)}\ldots.,$ $\zeta_{t}$ )
$\xi_{r,\epsilon}(A, B)z_{1)}\ldots,$ $z_{\iota)}\zeta_{1)}\ldots.,$ $(t)$
$= \int_{\Omega}\prod_{i=1}^{l}|\frac{\det y_{i}}{\det T_{i}}|_{p^{i}}^{z}\prod_{=\dot{J}1}^{t}|\alpha_{J}|_{p^{j}}^{(}|dx|\prod_{i=1}^{l}|\frac{\det B_{i}}{\det y_{\dot{l}}}|^{(n_{i}\cdot+1)/2}|dy_{\dot{l}}|\prod_{=J1}^{t}|\alpha_{\gamma}|^{-1}|d\alpha_{J}$
. $|dx|$ ) $|dy_{i}|,$ $|d\alpha_{\gamma}|$ $M_{mn}(Q_{p}),$ $S_{n_{i}}(Q_{p}),$ $Q_{p}$
. .
Theorem 2.1. ([BS])
$\Re z_{1)}\ldots.,$ $\Re z_{l}$
$Q(A, B;p^{-n_{1}z_{1}})$ , $p^{-n_{I}z_{l}}$ ) $= \prod_{i=1}^{n}(1-p^{-i})^{-1}\prod_{i=1}^{l}v(B_{i})^{-1}\sum_{t=1}^{n}2^{-2t}$
$\cross\sum_{(r,\epsilon)\in N^{1}\cross\{1,\triangle\}^{t}}\alpha_{r\cdot,\epsilon}\xi_{r,\epsilon}(A, B, z_{1)}\ldots, z_{l}, -m_{1)}\ldots., -m_{t})$





. $v(B_{i})$ $\{y_{i}\in S_{n_{i}}(Z_{p})\cap GL_{n_{i}}(Q_{p}))y_{i}\sim B_{i}\}$ $S_{n_{i}}(Q_{p})\cap$
$GL_{n;}(Q_{p})$ $P>|\frac{\det B_{\dot{t}}}{\det y_{i}}|_{p^{n_{i}}}^{(+1)/2}|dy\{|$ .
Denef[Del] $p- 1^{\backslash }\not\in$- ( )
.
Theorem 2.2. ([BS]) $Q(A, B)x_{1},$ $\ldots,$ $x_{l}$ ) $\in Q(x_{1,}x_{l})$
.




3Igusa local zeta function 8 $P(A, B, n\cdot, x_{1}, \ldots, x_{l})$
Katsurada[Kal] , Igusa local zeta function
$P(A, B,\cdot n,\cdot x_{1)}x_{l})$ , $P(A, B,\cdot n,\cdot x_{1}, \ldots, x_{l})$
.
$\{x_{ij}(1\leq i\leq m, 1\leq j\leq n))x_{1}\rangle , x_{l}\}$ $Q_{p}$ .
$X=(x_{\dot{\iota}_{J}}),$ $x=(x_{1)}\ldots, x_{l})$ . $A\in S_{m}(Z_{p})\cap GL_{m}(Q_{p}))B\in$
$S_{n}(Z_{p})\cap GL_{n}(Q_{p})$ $n=(n_{1}, \ldots, m)$ , $S_{n}(Q_{p}[X, x])$
$g(X, x)=(g_{i\gamma}(X, x))$
$g(X, x)=A[X]-B[diag(x_{1}E_{n_{1}}, \ldots., x_{l}E_{n_{l}})]$
. $g_{\dot{\iota}i}(X, x))2g_{i\gamma}(X, x)\in Z_{p}[X, x]$ . $I_{n}=\{(i, j)\in N^{2},\cdot 1\leq$
$i\leq j\leq n\}$ $R$ $R^{<n>}=R^{I_{r\iota}}$ .
$R^{<n>}=\{U=(u_{11)}u_{1n}, u_{22)}u_{2n)}u_{nn}; u_{i\gamma}\in R\}$
. $\Re u_{i\gamma}>0((i, j)\in I_{n}))\Re u_{i}>0$ ( $i=1$ , ..., l) $((u_{i\gamma}))u_{1)}$ ..., $u_{l}$ ) $\in$
$C^{<n>}\cross C^{l}f_{\check{}}$
$Z(A, B,\cdot(u_{ij}))u_{1)}\ldots,$ $u_{l}$ )
$= \int_{Z^{l}\cross M_{mn}(Z_{p})}\prod_{1\leq i\leq J\leq n}|g_{ij}(X, x)|_{p^{ij}}^{u}\prod_{i=1}^{l}|x_{i}|_{p^{i}}^{u}|dx||dX|$
. $|dx|_{\rangle}|dX|$ $Q_{p)}^{l}M_{mn}(Q_{p})$ Haar
. $Z(A, B;.(u_{ij}))u_{1)}u_{l})$ $A,$ $B,$ $n$ (generalized) Igusa
local zeta function . $Z(A, B;(u_{ij}))u_{1)}\ldots,$ $u_{1}$ ) \Re uij $>0((i, j)\in$
$I_{n}))\Re u_{i}>0(i=1, \ldots, l)$
$E=\{(u_{ij}))w_{1)}\ldots,$ $w_{l}$ ) $\in C^{<n>}\cross C^{l},\cdot\Re u_{ij}>0$ ,
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$\Re(w_{k}-4n_{k}\sum u_{ij})>-2n_{k}n(n+1)-1(k=1, \ldots, l)\}$
$Z(A, B,\cdot((u_{ij})_{P))})2u_{ij}+1-w_{1}\ldots p^{2n_{l}n(n+1)+4n_{l}\Sigma u_{ij}+1-uj})$
$= \sum_{(k_{\dot{t}j})\in z<n>})$
. $P(A, B,\cdot(k_{ij}))x_{1))}x\iota)$ $x_{1)}x_{l}$
.
Theorem 3.1. ([Kal].) min $k_{ij}$
$P(AB\}’\cdot(k_{ij}))x_{1},$
$\ldots,$
$x_{l}$ ) $=c_{p,m,n}(1-p^{-1})^{n(n+1)/2+l}P(A, B)n;x_{1_{J}}\ldots,$ $x_{l}$ )
$c_{p,m,n}$ $p,$ $m,$ $n$ .
$P(A, B,\cdot n;x_{1,}x_{l})$
$Z(A, B;((u_{i_{J}})\rangle p^{2\iota\iota n(n+1)+4n\iota\Sigma u_{ij}+1-w_{1}}7)$
)




$P(A, B,\cdot n;x_{1)}x_{l})\in Q(x_{1)}x_{l})$
$1-p^{-c}x_{1}^{b_{1}}\ldots.x_{l}^{b_{l}}(c\in Z, b_{1}, \ldots, b_{l}\in N)$
.
2 . , $Z(A, B;(u_{\{j}),$ $u_{1)}u$}
$P(A, B,\cdot n;x_{1)}\ldots, x_{l})$ (
$Q(A, B;n;x_{1)}\ldots, x_{l})$ ) .
, 2 . , .
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Theorem 3.3. [Ka4] $A\in S_{m}(Z))B\in S_{n}(Z)$ .
$\deg P_{p}(A, B,\cdot n;x_{1)}x_{l})\leq-l$
$p$ . $B=diag(B_{1)}\ldots, B_{l})(\deg B_{\dot{l}}=$
$n_{i}i=1,$ $..,$
$l$ )
$\deg Q_{p}(A, B;n;x_{1}, \ldots, x_{l})\leq-2l$
, 3. 1 [Den2] .
$p$
4 . 4. 1 .
Theorem 3.4. [Ka3] $A\in S_{m}(Z_{p})\cap GL_{m}(Q_{p}),$ $B\in S_{n}(Z_{p})\cap GL_{n}(Q_{p}),$ $l=$
$1,$ $n=(n)$ . ,
$Q(A, B; n,\cdot x)=\frac{R(x)}{(1-x)\Pi_{i=^{0}0}^{m}(1-p^{(n-i)(n+\dot{\iota}-m+1)}x^{2})}$
$R(x)\in Q[x]$ , $m_{0}= \min(n-1, [m/2])$ . $m$ $A$
$Q(A\rangle B;n,\cdot x)=\ovalbox{\tt\small REJECT}(1-x)\Pi_{i=0}^{m_{0}}(1-(\epsilon p^{(n+i-m+1)/2})^{n-\dot{\iota}}x)S(x)$
$\check{}\vee CS(x)\in Q[x]$ $\epsilon=(\frac{(-1)^{m/2}\det 2A}{p}I\cdot$
, $[Ki],[BS]$
)




$B\in S_{n}(Z_{p})$ ) $n=(1, )1)$ $P(A, B,\cdot n,\cdot x_{1}, \ldots, x_{n})$
$Q(A, B;n,\cdot x_{1)}\ldots, x_{n})$ , . $p\neq$
2, $m\geq 2n$ . $A\in S_{m}(Z_{p}))B=diag(b_{1)}b_{n})(b_{i}\in Z_{p}\backslash \{0\})n=$
$(1, )$ $1$ ) , $P(A, B;n;x_{1) )}x_{n}))Q(A, B, n,\cdot x_{1)}\ldots, x_{n})$
$P(A, B; n, x_{1}, \ldots, x_{n})=\sum_{r_{1},\ldots,r_{n}=0}^{\infty}\alpha(A, diag(b_{1}p^{2?1}, \ldots, b_{n}p^{2r_{r\prime}}))x_{1}^{?1}\ldots x_{n}^{?_{l}}’$,
$Q(A, B; n,\cdot x_{1,}x_{n})=.\sum_{7_{1},\ldots,r_{n}=0}^{\infty}\alpha(A\rangle diag(b_{1}p^{r_{1}}, \ldots, b_{n}p^{r_{n}}))x_{1}^{r_{1}}\ldots x_{n}^{r_{r\iota}}$
. , , $P(A, B;n;x_{1)}\ldots, x_{n})=P(A, B,\cdot x_{1)}\ldots., x_{n}))$
$Q(A, B, n)x_{1},$
$\ldots,$
$x_{n}$ ) $=Q(A, B, x_{1)}x_{n})$ . ,
.
Theorem 4.1. (1)
$P(A, B,\cdot x_{1)}x_{n})=D_{p,m,n}(x_{1)}x_{n})^{-1}R(A, B;x_{1)}\ldots, x_{n})$ .
$D_{p,m,n}(x_{1)}x_{n})$
$D_{p,m,n}(x_{1)} \ldots, x_{n})=\prod_{\beta=1}^{n}\prod_{\gamma=1}^{n-\beta}\prod_{\{\dot{\iota}_{1},\ldots,i_{\beta+\gamma}\}\in\{1,\ldots,n\}}(1-p^{\beta(-m+n+\gamma+1)}x_{i_{1}}\ldots x_{i_{\beta+\gamma}})$
$\cross\prod_{i=1}^{n}(1-p^{-m+n+1}x_{i})\prod_{i=1}^{n}(1-x_{i})$ .
$R(A, B)x_{1)}x_{n})\in Q[x_{1)}x_{n}]$ .
(2) , $A\in GL_{m}(Z_{p}))B=diag(b_{1)}b_{n})(b_{i}\in Z_{p}^{*}, pZ_{p}^{*})$ .
$\deg P(A, B;x_{1) )}x_{n})\leq-n$ .
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$A\in S_{m}(Z)\cap GL_{m}(Q))B=diag(b_{1}, \ldots., b_{n})(b_{\dot{l}}\in Z\backslash \{0\})$
$\det A,$ $\det B$ $p$ ,








$Q(A, B,\cdot x_{1)}x_{n})=D_{p,m,n}(x_{1)}^{2}\ldots, x_{n}^{2})^{-1}S(A, B,\cdot x_{1)}\ldots, x_{n})$.
, $S(A, B,\cdot x_{1)}x_{n})\in Q[x_{1,}x_{n}]$ .
(2) $A\in GL_{m}(Z_{p}),$ $B=diag(b_{1)}\ldots., b_{n})(b_{i}\in Z_{p)}^{*}pZ_{p}^{*})$
$\deg Q(A, B, x_{1}\rangle , x_{n})\leq-2n$ .
$A\in S_{m}(Z)\cap GL_{m}(Q))B=diag(b_{1)}\ldots., b_{n})(b_{i}\in Z\backslash \{0\})$
$\det A,$ $\det B$ $p$ ,
$Q_{p}(A, B,\cdot x_{1)}\ldots, x_{n})\leq-2n$ .
Example 1. $Q$ $\epsilon,$ $x,$ $y$ $S(\epsilon, x, y),$ $T(\epsilon, x, y)$
$S(\epsilon, x, y)=(1-\epsilon y^{-k})(1-x)^{-1}(1-\epsilon y^{-k+1}x)^{-1}$





$\det A,$ $b \in Z_{p)}^{*}(\frac{(-1)^{k}\det A}{p}I=\epsilon$ $p\neq 2,$ $k\geq 1$ ,
$A\in S_{2k}(Z_{p}),$ $b\in Z_{p}$ .
(2)
$T(\epsilon, x, p)=Q_{p}(A, b;x)$
$\det A,$ $b \in Z_{p)}^{*}(\frac{(-1)^{k}b\det A}{p})=\epsilon$ $p\neq 2,$ $k\geq 1$ ,
$A\in S_{2k+1}(Z_{p}))b\in Z_{p}$ .
Examples 2. $Q$ $\epsilon,$ $\eta;x_{1)}x_{2)}y$ $U(\epsilon, \eta;x_{1}, x_{2)}y)$





$Q_{p}(A, B;x_{1}, x_{2})=U(\epsilon, \eta)x_{1)}x_{2},$ $p$ )
$\det A,$ $b_{1)}b_{2} \in Z_{p)}^{*}(\frac{(-1)^{k}\det A}{p}I=\epsilon,$ $(\underline{b}_{\llcorner}p^{b_{2)}}=\eta$
$p\neq 2$ , $k\geq 2$ $A\in S_{2k}(Z_{p}))B=diag(b_{1)}b_{2})$
.
Proposition 4.1 , [$S$ ,Hilfssatz 16] .
Proposition 4.2 $\epsilon=1$ Maafl[M] .
4 . 1 . Proposition
4.2 $n=2,$ $m=2k+1$ .
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Remark: $S(\epsilon, x, p),$ $T(\epsilon, x, p))U(\epsilon, \eta;x_{1)}x_{2}, y)$
.
$S(\epsilon, x, y)=-x^{2}yS(\epsilon^{-1}, x^{-1}, y^{-1}),$ $T(\epsilon, x,p)=-\epsilon^{-2}x^{2}yT(\epsilon^{-1}, x^{-1}, y^{-1}))$
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